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It is well known that it is impossible to clone an arbitrary quantum state. However, this inability does not
lead directly to no-cloning of quantum coherence. Here, we show that it is impossible to clone the coherence
of an arbitrary quantum state which is a stronger statement than the ’no-cloning of quantum state’. In
particular, with ancillary system as machine state, we show that it is impossible to clone the coherence of
states whose coherence is greater than the coherence of the known states on which the transformations are
defined. Also, we characterize the class of states for which coherence cloning will be possible for a given
choice of machine. Furthermore, we find the maximum range of states whose coherence can be cloned
perfectly. The impossibility proof also holds when we do not include machine states.
I. INTRODUCTION
The phenomenon of quantum superposition and entan-
glement lies at the heart of quantum mechanics acting as
resources which we can harness to perform practical and
important information theoretic tasks [1]. Motivated by
the increasing importance of quantum entanglement [2]
in quantum information processing and communication
schemes, a general study of the theory of resources within
the paradigm of quantum mechanics and beyond is being
formulated. We have several entanglement measures to
quantify entanglement, however, until recently there was
no standard way to quantify the coherence present in a
quantum state. Quantum coherence can be viewed as a fun-
damental signature of non classicality in physical systems.
Coherence can also be used as a resource for certain tasks
like better cooling [3, 4] or work extraction processes in
nano-scale thermodynamics, in many quantum algorithms
[5–7], in quantifying wave-particle duality [8–10] and in bio-
logical processes [11, 12]. The resource theory of quantum
coherence [13–21] along with other resource theories of
entanglement and thermodynamics [22, 23] has also been
established. Once we have the measure based on a given set
of axioms to quantify the coherence [24–32] we can build
the resource theory of coherence. This seeks to quantify
and study the amount of linear superposition a quantum
state possesses with respect to a given basis. Given a state
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ρ, with its matrix elements as ρi j , the amount of coherence
present in the state in the basis {|i〉} is given by the quantity
Cl(ρ) =
∑
i 6= j |〈i|ρ| j〉| which is known as the l1-norm of co-
herence. Note that coherence is a basis dependent quantity
as the amount of coherence will be different in different
basis. Since the l1-norm is a function of the off-diagonal
elements of the given density matrix representation, clearly
the value of coherence will be zero in the eigen basis of the
density matrix, where there are no off-diagonal elements.
Quantum superposition and entanglement play a pivotal
role in achieving information processing tasks that are other-
wise not possible by any other classical resource. The same
properties also forbid us to do certain tasks that are other-
wise achievable classically. It started with the no-cloning
theorem which states that there does not exist any quantum
operation which can perfectly duplicate a pure state [33].
In particular, the no-cloning theorem states that if we have
cloning machine which can copy two orthogonal quantum
states then with the same cloning machine it is impossible to
create an identical copy of an arbitrary quantum state. Pati
and Braunstein later showed that we cannot delete either of
the two quantum states perfectly [34]. In addition to these
two famous no-cloning and no-deletion theorem there are
many other no-go theorems like no-flipping (impossibility to
flip an arbitrary quantum state) no-self replication (cannot
have a universal quantum constructor ) [35]. A two dimen-
sional quantum system can always be represented as points
on the Bloch Sphere parametrized by azimuthal angle θ and
the phase angle φ. It is interesting to note that there are no-
go theorems like no-partial erasure [36], no-splitting [37]
and no- partial swapping [38] which together tells us the in-
divisibility of the information content present in a quantum
system.
At this point it is interesting to ask the question whether
it is possible to clone coherence of arbitrary quantum states.
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2We know that cloning of arbitrary quantum state implies
signaling. Therefore, the no-signaling implies the no-cloning
but the no-cloning does not imply the no-signaling. Since,
the cloning of quantum states implies cloning of coherence,
it is obvious that no-cloning of coherence implies no-cloning
of quantum states. Therefore, cloning of coherence of an
arbitrary state is a more fundamental question. Thus, the
no-cloning of quantum coherence is more powerful than
no-cloning of an arbitrary quantum state. We have given
few examples of state cloners in the Appendix A to illustrate
that cloning of quantum coherence is not the same as the
cloning of quantum state.
In quantum mechanics the wave function describes the
physical system completely. Hence, cloning of quantum
states would mean cloning of both wave and particle aspects
of the entity. However, when we clone coherence, we try
to clone only the wave aspect. In this paper, we show that
indeed it is so and these two cloners are different. It is
interesting to see that we cannot clone the coherence of
arbitrary superposition of orthogonal states as long as the
coherence of the state is more than the coherence of the
orthogonal states in the given basis. This result holds when
we define the cloning transformation with the machine states.
However, we cannot say directly anything specific when the
coherence of the input state is less than or equal to the
coherence of these orthogonal states but nevertheless in this
zone we are able to characterize the states whose coherence
can be cloned. We also find the maximum range of states
whose coherence can be cloned perfectly. Further, we show
that there does not exist any universal unitary operator as
a coherence cloner even when we are not considering the
ancillary states. We find that the impossibility of universal
coherence cloning fundamentally depends upon the choice
of the known states and is very much different from the
cloning of the quantum state.
II. NO-CLONING OF QUANTUM COHERENCE WITH
MACHINE STATES
In the case of the no-cloning theorem for quantum states
we start with an assumption that we can clone two known or-
thogonal quantum states. Here, we start with an assumption
that we can copy the coherence of two known orthogonal
quantum states |ψ1〉 and |ψ2〉 and then prove that it is im-
possible to clone the coherence of an unknown quantum
state universally. At this point one may ask the question that
how do we know that we can clone coherence of two or-
thogonal quantum states |ψ1〉 and |ψ2〉. We can argue that
since |ψ1〉 and |ψ2〉 are two known orthogonal states, we
can make copies of these quantum states. Now, cloning of
quantum states always imply that the cloning of coherence is
true (though the reverse is not true). This is because when
we can clone the entire state we can definitely clone the
coherence content of the state. Therefore, it is natural to as-
sume that we can clone coherence of two known orthogonal
states.
Let Ucc be the unitary transformation that produces two
copies of coherence starting from two orthogonal quantum
states. The cloning transformation for coherence is given by,
|ψ1〉A|0〉B|X0〉C −→ |Ψ1〉AB|X1〉C ,
|ψ2〉A|0〉B|X0〉C −→ |Ψ2〉AB|X2〉C , (1)
where |ψ1〉, |ψ2〉 are input states, |0〉 is the blank state and|X0〉 is the initial machine state. Also, |Ψ1〉 and |Ψ2〉 are states
whose subsystems A and B have coherence same as that of
the input states, and, |X1〉 and |X2〉 are the corresponding
final machine states. The machine states satisfy 〈X2|X1〉 = 0
due to unitarity of the transformation. Let us represent the
two orthogonal states |ψ1〉A and |ψ2〉A in the {|0〉, |1〉} basis
as, |ψ1〉A = a|0〉A + b|1〉A and |ψ2〉A = b∗|0〉A− a∗|1〉A.
As the transformation demands coherence to be perfectly
copied, we must have Cl(|ψ1〉A) = Cl(ρA′) = Cl(ρB ′) and
Cl(|ψ2〉A) = Cl(ρA′′) = Cl(ρB ′′) where,
ρA
′ = TrB|Ψ1〉ABAB〈Ψ1|,ρB ′ = TrA|Ψ1〉ABAB〈Ψ1|,
ρA
′′ = TrB|Ψ2〉ABAB〈Ψ2|,ρB ′′ = TrA|Ψ2〉ABAB〈Ψ2|. (2)
Since the coherence of the orthogonal states are same, we
have Cl(|ψ1〉A) = Cl(|ψ2〉A) = 2|a||b|, where Cl(ρ) is the l1-
norm for quantifying quantum coherence. It may be noted
that in the case of cloning of quantum states we require
two identical copies of the input state at the output port.
However, for cloning of coherence this is not the case as
there can be two non identical state with the same coherence.
Since any state can be represented on the Bloch sphere as
ρ = I+ ~m .~σ2 with ~m = (mx , my , mz) as the Bloch vector and
~σ = (σx ,σy ,σz) are the Pauli matrices. The coherence
in {|0〉, |1〉} basis is given by Cl(ρ) =
q
m2x + m2y . Hence,
coherence only depends on mx and my values. As shown in
Fig. 1, we can say that all the states that lie on the curved
surface of the cylinder with radius
q
m2x + m2y will have
the same coherence. At this point it is important to ask
this question: Does quantum mechanics allow existence of a
universal cloner for cloning the coherence of an arbitrary input
state α|ψ1〉+ β |ψ2〉. The answer to the question is No.
Theorem 1. It is impossible to clone the coherence of an ar-
bitrary quantum state |ψ〉=α|ψ1〉+ β |ψ2〉, with the cloning
transformations given by equation (1) when the coherence
of the state |ψ〉 is more than the coherence of the states |ψi〉
(i = 1, 2) for a fixed choice of basis {|0〉, |1〉} .
Proof. Without the loss of generality, let us use the l1-norm
as a measure of quantum coherence and assume fixed basis
as the computational basis. Any arbitrary state in |ψ1〉A,|ψ2〉A basis can be written as |ψ〉A = α|ψ1〉A + β |ψ2〉A. The
l1-norm of coherence of the state |ψ〉A in {|0〉, |1〉} basis is
2|(αa + β b∗)(αb − βa∗)|. After the application of cloning
transformation Ucc ,the arbitrary state along with the blank
and machine states becomes (α|Ψ1〉AB|X1〉C +β |Ψ2〉AB|X2〉C ).
Tracing out the subsystems B and C, we get ρ f inalA = |α|2ρA′+|β |2|ρA′′. From the convexity property of coherence meas-
ure we have, Cl(ρ
f inal
A ) ≤ (|α|2Cl(ρA′) + |β |2Cl(ρA′′)) =
32(|α|2|a||b|+ |β |2|a||b|) = 2|a||b| = C(|ψi〉). Therefore, the
final coherence of the subsystem A is at most 2|a||b|. There-
fore, it is evident that all the input states |ψ〉 whose initial
coherence Cl(|ψ〉) is greater than 2|a||b|, which is the co-
herence of the known orthogonal states, it is impossible to
clone the coherence perfectly.
Note 1: Theorem 1 holds for all coherence measures and
is not only restricted to the l1-norm of coherence. The
convexity of any coherence measure ensures that the final
coherence C(ρ f inalA ) is bounded above by C(|ψi〉A), where
i = 1,2.
This tells that if the coherence of an arbitrary input state is
greater than the coherence of the orthogonal states then we
cannot copy the coherence of the state into a blank state.
Geometrically, if we consider the Bloch sphere as the state
space, the orthogonal states |ψ1〉 and |ψ2〉 represent two
symmetric points on the surface of each hemisphere of the
Bloch sphere. Taking the shortest distance of each of these
points from the central axis as radius, these circles will rep-
resent all the states with same coherence value. We will
have exactly two similar circles, one in each hemispheres
representing orthogonal states. All the pure states with
greater coherence value will be the points on the surface
which are lying between these two circles. This theorem
geometrically tells us that we cannot copy the coherence
of the intermediate surface points (see Fig. 1). However,
the theorem does not tell anything about the points on the
surface which lies on the circles (except |ψ1〉 and |ψ2〉 )
and other points lying between those circles and poles. It
may be possible to clone some of these states. The theorem
only tells us that given a choice of known orthogonal states
there does not exist any universal cloner which will clone
all pure states on the surface of the Bloch sphere. However,
the theorem is only true as long as the orthogonal states
are not from the equatorial circle of the Bloch sphere (|+〉
and |−〉 lying on the equator of the Bloch sphere can be one
such example). In that scenario, we do not have any input
state with a coherence greater than the coherence of these
equatorial orthogonal states (which is 1). If we view this,
circles from each hemisphere coincides with each other and
there is no intermediate point. The important question is
whether for such choice of cloner it is possible to clone all
the states on the surface of Bloch sphere. The answer to
this is once again "no" and indeed there does not exist a
universal cloner for whatever choice of machine.
Corollary 2. For a cloning transformation given by equa-
tion (1), with the choice of known orthogonal states |ψ1(E)〉
and |ψ2(E)〉, taken from the equator, it is impossible to clone
the coherence of an arbitrary quantum state |ψ〉=α|ψ1(E)〉+
β |ψ2(E)〉, for a fixed choice of basis {|0〉, |1〉} .
Proof. As per the assumption that the unitary cloning trans-
formation (Ucc) perfectly clones the coherence of |ψ1(E)〉A,|ψ2(E)〉A into subsystem of |Ψ1〉AB, |Ψ2〉AB we have 2|x | =
1 and 2|y| = 1, where, x = ρ′A01 and y = ρ′′A01 are the
|ψ1〉
|1〉
|0〉
CYL|ψ1〉
Figure 1. Classification of states for a given cloner. The blue zone
on the surface of the Bloch sphere denotes the pure states whose
coherence can not be cloned. The remaining zone is showed by
orange colour. CY L|ψ1〉 represents all the states (pure as well as
mixed) which have same coherence as |ψ1〉
off-diagonal terms of the subsystem ρA
′ and ρA′′ respect-
ively. Here we will only look at system A and prove that
there exists some states for which cloning is not possible.
With the constraint 2|a||b|= 1 and the normalization con-
dition we have |a| = |b| = 1p
2
. Now, the initial coherence
of the input state becomes Cl(|ψ〉A) = 2|α2ab− β2a∗b∗|=
2
q
1
4 − 2Re(α2β∗2(ab)2). However, the final coherence of
the subsystem A is given by, Cl(ρ
f inal
A ) = 2|(|α|2 x + |β |2 y)|.
Let us assume that there is a universal machine that clones
coherence of any arbitrary state |ψ〉. Then Cl(|ψ〉) should
be equal to Cl(ρ
f inal
A ) for every α and β values. But we can
see that there exist α and β values such that the initial and
final coherence values are not equal.
There exist α1 and β1 such that |α|= |α1| and |β |= |β1|
but α 6= α1 or/and β 6= β1. In that case though the final
coherences will be equal, the initial coherences are not. That
clearly means perfect cloning of coherence is not possible
for at least one of those two states.
Example : Let, |χ1〉 = α1|ψ1〉+β1|ψ2〉 and |χ2〉 = α2|ψ1〉+
β2|ψ2〉 where, α1 = 1p2 , β1 = 1p2 , α2 = ıp2 , β2 = 1p2 . Here|ψ1〉 and |ψ2〉 are the states defined in the Eq. 1. Then
initial coherence of |χ1〉 is given by Cl(|χ1〉) = |ab − a∗b∗|
and that of |χ2〉 is Cl(|χ2〉) = |ab + a∗b∗| given that |a| =
|b| = 1p
2
. Final coherence, Cl(ρ
f inal
1 ) = Cl(ρ
f inal
2 ) = |ρ
′
A01
+ ρ
′′
A01|, where ρ
′
A01 and ρ
′′
A01 are the off diagonal terms of
the susbsystem ρ
′
A and ρ
′′
A, respectively.
Clearly we see that there is a mismatch of the initial coher-
ence of states |χ1〉 and |χ2〉, but their final coherence is same.
Therefore, at least for one of the states the coherence is not
getting perfectly copied.
4III. NO CLONING OF QUANTUM COHERENCE WITHOUT
MACHINE STATES
In the previous section, we have shown that there does
not exist universal cloning transformation which will be able
to clone the coherence of any arbitrary state. In the previous
proof the cloning transformation includes the ancilla states
representing the machine states. In this section, we investig-
ate whether there exists any unitary in general which will act
on the input state and blank state without invoking ancillary
state that will clone coherence for any arbitrary state. We
find that there exists no such unitary. Like in the previous
section, here also we assume that the perfect cloning is pos-
sible for two known orthogonal states |ψ1〉 and |ψ2〉. The
transformation is given by
|ψ1〉A|0〉B −→ |Ψ1〉AB,
|ψ2〉A|0〉B −→ |Ψ2〉AB, (3)
where, 〈ψ1|ψ2〉 = 0. Therefore, 〈Ψ1|Ψ2〉 = 0.
Theorem 3. It is impossible to clone the coherence of any
arbitrary quantum state |ψ〉=α|ψ1〉+β |ψ2〉, with the cloning
transformations given by Eq. 3.
Proof. Let us assume that there exists a unitary that clones
coherence of any arbitrary quantum state. Then this unitary
should clone coherence for the states |+〉 and |−〉 as well. As
these states are maximally coherent states, and this machine
can clone the coherence perfectly, then the output states
should also be maximally coherent states. The transform-
ation would be given by Eq. 4. The output states in this
case are all pure because there are no mixed states whose
coherence can be 1.
|+〉A|0〉B −→ |ψ1′〉A|ψ1′′〉B
|−〉A|0〉B −→ |ψ2′〉A|ψ2′′〉B (4)
where, either 〈ψ1′|ψ2′〉 = 0 or 〈ψ1′′|ψ2′′〉 = 0. Let |φ〉 =
γ|+〉+δ|−〉 be an arbitrary quantum state on the equatorial
circle of the Bloch sphere. The transformation as given in
Eq. 4 results in the state of the system AB to |Φ f inal〉 =
γ|ψ1′〉A|ψ1′′〉B + δ|ψ2′〉A|ψ2′′〉B. For the coherence to be
cloned perfectly, |Φ f inal〉 needs to be a separable system of
two maximally coherent states. This makes either |ψ1′〉A =|ψ2′〉A or |ψ1′′〉A = |ψ2′′〉A because one of this pair has to be
orthogonal.
Without loss of generality lets assume that 〈ψ1′|ψ2′〉 = 0
and |ψ1′′〉A = |ψ2′′〉A then any state |ψ1〉 with Cl(|ψ1〉)< 1
from Eq. 3 can be written as α|+〉+ β |−〉, but under this
transformation rules the system will transform to (α|ψ1′〉+
β |ψ2′)A|ψ1′′〉B. Though the coherence of subsystem A is
preserved the coherence of subsystem B is still 1.
IV. CONCLUSION
To summarize, we have shown that no-cloning for
quantum states does not lead to the no-cloning of coherence.
In fact, we prove much stronger statement, that is, the
no-cloning of quantum coherence implies the no-cloning
of quantum state. Since coherence captures the wave
aspect of quantum particles our result shows that quantum
wave cannot be amplified, where as classical wave can
be amplified. This brings out a fundamental difference
between classical and quantum wave. In particular,
we are able to show that, for the input state whose
coherence is greater than the coherence of the known
states, coherence cloning is not possible. Besides this,
we characterize the class of states for which coherence
cloning will be possible for a given choice of machine
built on known orthogonal states and find the maximum
range of states whose coherence can be cloned perfectly.
Interestingly, we also show that the universal cloner does not
exist even in the situation where we have no ancillary inputs.
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Appendix A: How cloning of coherence is different from
cloning of states
Here, we illustrate some instances where coherence clon-
ing is not the same as the cloning of quantum states. As an
example, consider the Wootter-Zurich (WZ) cloning machine
[33] that performs the following operation
|0〉A|0〉B|X0〉C −→ |0〉A|0〉B|X1〉C ,
|1〉A|0〉B|X0〉C −→ |1〉A|1〉B|X2〉C . (A1)
Here A, B and C are the input, output and machine qubits
respectively. When we apply the same W-Z cloning machine
on an arbitrary quantum state α|0〉+ β |1〉 (|α|2 + |β |2 = 1)
whose coherence is 2|α||β | in {|0〉, |1〉} basis, it transforms
to the state α2|0〉〈0|+β2|1〉〈1| which has zero coherence in
{|0〉, |1〉} basis. This shows that even if the state gets cloned
approximately with W-Z cloning machine, there is no cloning
of the coherence as W-Z cloning machine does not take into
account the off-diagonal terms of the state.
Let us consider another example of the Buzek Hillery
(BH) cloning machine [39] which is proved to be optimal
state independent quantum cloning machine [40]. The 2-
|ψ1〉
|ψ〉|0〉
|1〉
ρ
′
A
ρ
′′
Aρ
′
B
ρ
′′
B
CYL|ψ1〉
CYL|ψ〉
ρf1A
ρf1B
ρf2B
ρf2A
Figure 2. Solutions with convex combinations: The blue cylinder
represents the states having the same coherence as the known
orthogonal states. The orange cylinder represents the states having
the same coherence as the input states. Here ρ f 1( f 2)A(B) are nothing
but ρ f inal1( f inal2)A(B) .
dimensional BH cloning transformation is given as
|Ψ1〉A |0〉B |X0〉C → c |Ψ1〉A |Ψ1〉B |X11〉C
+ d
 |Ψ1〉A |Ψ2〉B + |Ψ2〉A |Ψ1〉B |Y12〉C ,
|Ψ2〉A |0〉B |X0〉C → c |Ψ2〉A |Ψ2〉B |X22〉C
+ d
 |Ψ2〉A |Ψ1〉B + |Ψ1〉A |Ψ2〉B |Y21〉C ,
where the coefficients c and d are real. The notation A, B and
C represents the input, output and machine qubits respect-
ively. In case of cloning a single qubit, using the no-signaling
constraint and the fidelity as parameter of quantum cloning
machine, Gisin proved that B-H state independent quantum
cloner is the optimal one with the fidelity 56 [40]. But if we
consider the ratio of the final coherence to the initial coher-
ence (l1− norm), the B-H cloner gives 23 . That is, in other
words, two thirds of coherence is getting copied with the
B-H cloner. This example shows that even though inform-
ation gets cloned upto 56 , coherence gets cloned only upto
2
3 . Possibly, this suggests us that when we clone quantum
information we try to clone both the wave information and
the particle information. As BH machine only clones wave
information upto 23 it may be the case that the higher value
of 56 is due to particle nature getting cloned more compared
to wave information.
Appendix B: Classification of states given a coherence cloner
In this subsection, we try to characterize the states whose
coherence can be perfectly cloned given a machine defined
over |ψ1〉 and |ψ2〉. Geometrically, we attempt to find out
points on the surface of the sphere for which the cloning of
coherence is possible. The entire Bloch sphere can be divided
in two zones namely Cl(|ψ〉A) ≤ 2|a||b| and Cl(|ψ〉A) >
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Figure 3. Top view to depict existence of solutions
2|a||b|. In theorem 1, we have already shown that cloning of
coherence is not possible when Cl(|ψ〉A)> 2|a||b|, however,
it is not clear when Cl(|ψ〉A)≤ 2|a||b|.
Let us take an arbitrary state |ψ〉 from the orange zone
as shown in the Fig. 1. All the states both pure and mixed
that have same coherence value as |ψ〉 lie on CY L|ψ〉 as
shown in the Fig. 2. For the coherence of |ψ〉 to be perfectly
cloned, the output states ρ f inalA and ρ
f inal
B should lie on
CY L|ψ〉. As we have seen earlier ρ f inalA = |α|2ρA′ + |β |2|ρA′′
and ρ f inalB = |α|2ρB ′ + |β |2|ρB ′′ are convex combination of
ρA
′, ρA′′ and ρB ′, ρB ′′ respectively. Here, ρA′, ρA′′ and ρB ′,
ρB
′′ are the mixed output states for the known orthogonal
states |ψi〉 and should lie on the wider cylinder CY L|ψ1〉.
This would mean that ρ f inalA is an intersection of the line
segment joining ρA
′, ρA′′ and CY L|ψ〉, similar condition must
hold for ρ f inalB .
For perfect cloning to happen the line segment joining
ρ
′
A and ρ
′′
A and the line segment joining ρ
′
B and ρ
′′
B should
intersect CY L|ψ〉 in equal proportions, as it is evident from
the expressions of ρ f inalA and ρ
f inal
B . Let us imagine that
ρ
f inal1( f inal2)
A(B) are four intersection points. Fig. 3 shows
some of the possible orientations of these four points.
Without loss of generality, let us just look at the subsystem
A. Let |α| = k. To find all the pure states that have same
coherence as |ψ〉, whose coherence can be perfectly cloned,
we only need to see what are the points of intersection of
rims of CY L|ψ〉 and the circle C IRCk, where C IRCk contains
all the points α|ψ1〉+β |ψ2〉 whose |α| = k, as shown in Fig.
4. Depending on the CY L|ψ〉, CY L|ψ1〉 and the values of k,
the number of points of intersections will vary from 0 to 4,
as shown in the Fig. 4. Similarly, when |α| = 1− k we get
the same number of solutions. Therefore, the total number
of solutions vary as 0, 2, 4, 6 or 8.
|0〉
|1〉
|ψ1〉
|ψ2〉
Figure 4. Different cases of possible solutions: The figure shows
depending on the choice of k different C IRCks (the colored ones)
intersect the rims of the CY L|ψ〉 (the two black ones) , the number
of points of intersections will vary from 0 to 4. Total number of
possible solutions will vary as 0, 2, 4, 6 or 8
Appendix C: Maximization of coherence cloners
In the earlier section, we have seen classification of states
given a particular coherence cloner. It is clear that the range
of states whose coherence can be cloned perfectly depends
on the cloner Ucc . In this section, we discuss the techniques
to maximize this cloner so as to have more range of states
whose coherence can be cloned perfectly.
There can be infinite number of unitaries that can be
defined based on the transformation rules defined in Eq. 1.
Every unitary depends on six states |ψ1〉A, |ψ2〉A, ρ′A, ρ′′A, ρ′B,
ρ
′′
B.
The cloner Ucc on system ABC transforms subsystem A
which was an arbitrary quantum state |ψ〉 = α|ψ1〉+ β |ψ2〉
and subsystem B which was a blank state |0〉 to ρ f inalA =
|α|2ρ′A + |β |2ρ′′A and ρ f inalB = |α|2ρ′B + |β |2ρ′′B respectively.
ρ
f inal
A(B) is a convex combination of ρ
′
A(B) and ρ
′′
A(B). Therefore,
final state ρ f inalA(B) should lie somewhere on the line segment
joining the states ρ
′
A(B) and ρ
′′
A(B) in the Bloch sphere, as we
can see in the Fig. 2. Therefore, we can say that possibility of
perfect coherence cloning for a state depends on whether the
line segments intersect the cylinder with Cl(ρ
f inal
A(B) ) or not.
Given the fact that they do intersect, they have to intersect
with the same ratio as each other, only then perfect cloning
will be possible on both the subsystems otherwise we can
definitely say that the Cl(|ψ〉) cannot be perfectly copied.
This brings us to our first level of maximization of our
cloner Ucc . We can see in the Fig. 3 that the cloners which
have their line segments joining ρ
′
A and ρ
′′
A and line segment
joining ρ
′
B and ρ
′′
B pass through the central axis allow for the
possibility of perfect coherence cloning for a bigger range of
states as they will intersect all the cylinders above them.
The second level of maximization can be done in the
following way. We can see that if the starting states |ψ1〉A
and |ψ2〉A of the assumed cloner lies on the equatorial plane,
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Figure 5. States whose coherence can be perfectly cloned
i.e. Cl(|ψ1〉) = Cl(|ψ2〉) = 1 and the output states will
have equal coherence to that of the starting states, then this
cloner will give maximum number of perfectly cloned copies
as it will intersect all the cylinders on the sphere. Then the
cloning transformation is given by
|ψ1〉A|0〉B|X0〉C −→ |ψ1′〉A|ψ1′′〉B|X1〉C ,
|ψ2〉A|0〉B|X0〉C −→ |ψ2′〉A|ψ2′′〉B|X2〉C . (C1)
Here 〈ψ′1|ψ′2〉 = 0 and 〈ψ′′1|ψ′′2〉 = 0 as this would ensure
that the line segment joining ρ
′
A and ρ
′′
A and the line segment
joining ρ
′
B and ρ
′′
B both pass through the central axis.
Interestingly, it is observed that class of states whose
coherence can be cloned perfectly given the transforma-
tions defined in Eq. C1 and the conditions 〈ψ′1|ψ′2〉 = 0
and 〈ψ′′1|ψ′′2〉 = 0 are the states that lie on the great circle
passing through the states |ψ1〉, |ψ2〉, |0〉 and |1〉 on the
Bloch sphere.
The calculations are as follows: The states |ψ1〉 = 1p2 |0〉+
1p
2
eıφ1 |1〉 and |ψ2〉 = 1p2 |0〉+ 1p2 eı(φ1+pi)|1〉 represent a pair
of orthogonal states on the equatorial circle of the Bloch
sphere. Then, any arbitrary state |ψ〉 = α|ψ1〉 + β |ψ2〉
can be written as cos θ2 |0〉+ sin θ2 eıφ2 |1〉 in {|0〉, |1〉} basis.
Then, Cl(|ψ〉) = | sinθ | in {|0〉, |1〉} basis. As α = 1p2 (cos θ2 +
sin θ2 e
ı(φ2−φ1)) and β = 1p
2
(cos θ2 − sin θ2 eı(φ2−φ1)), the final
coherence which is given by Cl(ψ f inal) = ||α|2 − |β |2| =|2|α|2 − 1| becomes | sinθ cos (φ2 −φ1)|.
We see that the only solution where initial coherence is
equal to final coherence is when φ1 = φ2. Therefore, for
all values of θ the final coherence Cl(ψ f inal) = Cl(ψ) if
φ1 = φ2. Which means that the cloner defined in equations
C1 perfectly clones coherence for all the states on the great
circle passing through |ψ1〉, |ψ2〉, |0〉, |1〉 as shown in the
Fig. 5.
